The existence of a primordial magnetic field (PMF) would affect both the temperature and polarization anisotropies of the cosmic microwave background (CMB). It also provides a plausible explanation for the possible disparity between observations and theoretical fits to the CMB power spectrum. Here we report on calculations of not only the numerical CMB power spectrum from the PMF, but also the correlations between the CMB power spectrum from the PMF and the primary curvature perturbations. We then deduce a precise estimate of the PMF effect on all modes of perturbations. We find that the PMF affects not only the CMB TT and TE modes on small angular scales, but also on large angular scales. The introduction of a PMF leads to a better fit to the CMB power spectrum for the higher multipoles, and the fit at lowest multipoles can be used to constrain the correlation of the PMF with the density fluctuations for large negative values of the spectral index. Our prediction for the BB mode for a PMF average field strength |B λ | = 4.0 nG is consistent with the upper limit on the BB mode deduced from the latest CMB observations. We find that the BB mode is dominated by the vector mode of the PMF for higher multipoles. We also show that by fitting the complete power spectrum one can break the degeneracy between the PMF amplitude and its power spectral index.
I. INTRODUCTION
Magnetic fields in clusters of galaxies have been observed [1, 2, 3, 4] with a strength of 0.1 − 1.0 µ G. The existence of a primordial magnetic field (PMF) of order 1 nG whose field lines collapse as structure forms is one possible explanation for such magnetic fields in galactic clusters. The origin and detection of the PMF is, hence, a subject of considerable interest in modern cosmology. Moreover, the PMF could influence a variety of phenomena in the early universe [5] such as the cosmic microwave background (CMB) [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] , or the matter density field [19, 20, 21, 22] .
Temperature and polarization anisotropies in the CMB provide very precise information on the physical processes in operation during the early universe (WMAP [23, 24, 25] , ACBAR [27] , CBI [28, 29] , DASI [30] , BOOMERANG [31] , and VSA [32] ). The CMB power spectrum from ACBAR and CBI, has indicated a potential discrepancy between these observations at higher multipoles ℓ ≥ 2000 and the best-fit cosmological model to the WMAP power spectrum. A straightforward extension of the fit [23] to the WMAP data predicts a rapidly declining power spectrum in the large multipole range due to the finite thickness of the photon last scattering surface and the Silk damping effect. The ACBAR and CBI experiments, however, indicate continued power up to ℓ ∼ 4000. This discrepancy is difficult to account for by a simple retuning of cosmological parameters or by the Sunyev-Zeldovich effect [23, 33, 34] . Among other possible explanations, an inhomogeneous cosmological magnetic field generated before the CMB last-scattering epoch provides a plausible mechanism [35] to produce excess power at high multipoles. Such a field excites an Alfvenwave mode in the primordial baryon-photon plasma and induces small rotational velocity perturbations. Since this mode can survive on scales below those at which Silk damping occurs during recombination [13, 36] , it could be a new source of the CMB anisotropies on small angular scales. The present work, therefore, is an attempt to more precisely study the evolution of cosmological perturbations with a PMF.
Previous work [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 37, 38, 39] has shown that one can obtain information about the PMF from the CMB temperature anisotropies and polarization. However, in those works attention was only given to a subset of the modes of the CMB anisotropies. In the present work, therefore, we study the comprehensive effect of the PMF on all modes of the CMB perturbations. Furthermore, in order to clarify the role of the PMF in the CMB, we take into consideration the possible correlation between the CMB fluctuations induced by the PMF and those due to primordial curvature and tensor perturbations. Also, we numerically evaluate the CMB power spectrum from the stochastic PMF and thereby avoid recourse to analytic approximations.
In this article, we use adiabatic initial conditions for the evolution of primary density perturbations and consider isocurvature (isothermal) initial conditions when estimating effects on the CMB anisotropy induced by the PMF [11, 40] . Throughout this article we fix the best fit cosmological parameters of the ΛCDM + Tensor model as follows [23] : h = 0.792, Ω b h 2 = 0.02336, Ω m h 2 = 0.1189, n S = 0.987, r = 0.55, n T = −r/8 = −0.069, and τ c = 0.091 in flat universe models, where h denotes the Hubble parameter in units of 100 km s −1 Mpc −1 , Ω b and Ω m are the baryon and cold dark matter densities in units of the critical density, n S is the spectral index of the primordial scalar fluctuations, r the ratio of the amplitude of the tensor fluctuations to the scalar potential fluctuations, n T is the spectral index of the primordial tensor fluctuations, and τ c is the optical depth for Compton scattering.
II. PRIMORDIAL MAGNETIC FIELD
Before recombination, Thomson scattering between photons and electrons along with Coulomb interactions between electrons and baryons were sufficiently rapid that the photon-baryon system behaved as a single tightly coupled fluid. Since the trajectory of plasma particles is bent by Lorentz forces in a magnetic field, photons are indirectly influenced by the magnetic field through Thomson scattering. Let us consider the PMF created at some moment during the radiation-dominated epoch. The energy density of the magnetic field can be treated as a first order perturbation upon a flat Friedmann-Robertson-Walker (FRW) background metric. In the linear approximation, the magnetic field evolves as a stiff source. Therefore, we can discard all back reactions from the magnetohydrodynamic (MHD) fluid onto the field itself.
A. Power Spectrum from the PMF
To derive the power spectrum from the PMF we begin with the electromagnetic tensor in the usual form
where E i and B i are the electric and magnetic fields. [Here we use natural units, i.e. c = = 1.] The energy momentum tensor for electromagnetism is
The Maxwell stress tensor, σ ik , is derived from the space-space components of the electromagnetic energy momentum tensor,
As mentioned above, within the linear approximation [37] we can discard the MHD back reaction onto the field itself [41] . The conductivity of the primordial plasma is very large, and is "frozen-in" [12, 42] . This is a very good approximation during the epochs of interest here. Furthermore, we can neglect the electric field, i.e. E ∼ 0, and can decouple the time evolution of the magnetic field from its spatial dependence, i.e. B(τ, x) = B(x)/a 2 for very large scales [41] . In this way we obtain the following equations,
We assume that the PMF B 0 is statistically homogeneous, isotropic and random. For such a magnetic field, the fluctuation power spectrum can be taken as a power-law S(k) =< B(k)B * (k) >∝ k nB [12] where n B is the power-law spectral index of the PMF. The index n B can be either negative or positive depending upon the physical processes of magnetic field creation. From Ref. [12] , a two-point correlation function for the PMF can be defined by
where
Here, B λ is the magnetic comoving mean-field amplitude obtained by smoothing over a Gaussian sphere of comoving radius λ, and k λ = 2π/λ (λ = 1 Mpc in this paper). The cutoff wave number k C in the magnetic power spectrum is defined by [43] ,
where l γ is the mean free path of photons, and τ dec is the conformal time of the decoupling of photons from baryons.
B. Scalar Mode
We obtain the power spectrum of the PMF energy density
and the Lorenz force for the scalar modes
according to the following relations,
and
In the case of a power law stochastic magnetic field, an explicit expression to evaluate the ensemble averages for the above spectra is given by
Equivalently, in terms of an angular integration one can write,
where we define
In almost all previous work the sum of the terms in brackets which include C in the k integral of Eq. (13) have been set to unity. In this paper, however, we calculate Eq. (13) explicitly by integrating all of the terms. In this way we obtain the following expression,
A similar calculation gives the power spectrum of the PMF tension and the power spectrum of the correlation between pressure and tension as follows,
C. Vector Mode
We obtain the power spectrum of the PMF Lorenz force for the vector mode from the following
For the case of a power law stochastic magnetic field, an explicit expression for the ensemble average is given by
Integrating Eq.(19) over C, after a lengthy calculation, we obtain the following expression,
D. Tensor Mode
We obtain the power spectrum of the PMF for the tensor mode according to the following
For the case of a power law stochastic magnetic field, we use the explicit expression for the ensemble average as given by [37] 
Again integrating Eq. (22) over C, after a lengthy calculation, we obtain the following,
These relations (Eqs. 10 -23) constitute the various components of the PMF power spectrum evaluated in the present work.
E. Numerical vs. Analytical
In previous analyses [9, 10, 11, 12, 14, 44] an analytic approximation to the power spectrum of the PMF was utilized.
Outside of this range it can be a poor approximation since the neglected terms are not small in general. In previous work the source power spectrum from the PMF was obtained by integrating the approximate equations over 0 < k ′ < k C , thus leading to smaller values than those evaluated numerically for n B < -2 as displayed in Figs. 1a and 1b. For example, when n B = −2.9, (and k < 0.1) the relative errors in the squared power spectrum from the PMF (Π 2 N UM /Π 2 AP P ) can be as large as 400%, 20%, and 500% for the scalar, vector and tensor modes, respectively. Figure 1b, shows the same result for the more familiar multipole coefficients, C ℓ , which are related to the various components of the power spectrum via an integration over wave number,
Here, Θ is the photon moment,
where T (k) is the transfer function, and the index X = S, V, or T denotes the scalar, vector, or tensor modes, respectively. Lines are drawn on Figure 1b for ℓ = 10 and 1000, which roughly corresponds to the k = 0.1 Mpc −1 and 0.001 Mpc −1 shown on Figure 1a . Figures 1a and 1b show that the deviations of the previous approximation from our numerical estimation increases as n B decreases from −1.5 to −3.0. The deviations of the tensor and scalar modes in particular are as much as one order of magnitude near n B = −3.0. We understand this for the following reasons: Because integrands of all modes are dominated by values for range of k ′ ≤ k for n B < −1.5, we can consider only this range. Since k and k ′ are smaller than unity, and for n B < −2, values of |k − k ′ | nB+2 around k ∼ k ′ dominate the power spectrum of all modes (Eqs. 15 16, 17, 23) except the vector mode (Eq. 20), the deviations of the previous approximation from our numerical estimation increase exponentially for n B < −2 (Fig. 1ab) [60] . Since the order of the PMF source power spectra of all modes (15, 16, 17, 20, 23 ) is 2n B + 3, the values for k ′ > k and n B > −1.5 in integrands of all modes (15, 16, 17, 20, 23) dominate the result of these integrations. Therefore, if the integral range extends beyond k for n B > −1.5, we can ignore the integrands of all modes for small enough k ′ and the previous approximation is adequate for the PMF source power spectrum. Thus, ratios of all modes are constant for n B > −1.5. These results are almost the same as in Brown and Crittenden [46] [61] . The constant ratios of all modes for n B > −1.5, however, are not unity because the terms including cosine factors [e.g. sum of terms within the bracket of Eq. (15)], is not unity as was assumed in the previous approximation.
There is, however, only a slight deviation for the vector mode (cf. the middle panels in Figs. 1a and 1b) . This is because the power-law index of the k − k ′ term in the PMF source power spectrum of the vector mode scales as (cf. Eq. 20) n B + 3, while the power-law index for the (k − k ′ ) term for the scalar and tensor modes is n B + 2 in Eqs. 15 and 23. Also, the k + k ′ term slightly dominates the PMF source power spectrum of the vector mode (Π [EM:V] (k)) for n B < −1.5. Hence, unlike the scalar and tensor modes, there is only a slight deviation in the vector mode for n B < −2. Additionally, since k and k ′ are smaller than unity and the power-law index of the (k + k ′ ) term, which dominates Π Also note on Figs. 1a and 1b that even in the limit of n B > −2, the deviations to not asymptotically approach unity. The reason for this is due to the inclusion of the correct C factors in the numerical angular integrals for Eqs. (13, 19 , and 22) which are not unity as is assumed in the analytic approximations.
III. EVOLUTION EQUATIONS
In this work, we have implemented a numerical method ( [22, 45] ) to evaluate the PMF source power spectrum. Using this method, we are able to quantitatively evolve the cut off scale and thereby reliably calculate the effects of the PMF on the observed CMB power spectrum. We now summarize the essential evolution equations for each mode.
A. Scalar Mode
For the scalar mode we obtain the following equations in k-space [40, 47, 48, 49, 50, 51] :
where w ≡ p/ρ. Note that for the photon δ b . Also, the shear stress of baryons is negligible [50] . Since we concentrate on scalar type perturbations in this paper, we do not consider the magneto-rotational instability from the shear stress of the PMF and baryon fluid [52] .
From equations (28) and (29), we obtain the same form for the evolution equations of photons and baryons as in previous work [47, 48, 49, 50, 51] , by considering the Compton interaction between baryons and photons,
where R ≡ (3/4)(ρ b /ρ γ ) is the inertial density ratio between baryons and photons, n e is the free electron density, σ T is the Thomson scattering cross section, and σ γ of the second term on the right hand side of equation (36) is the shear stress of the photons with the PMF. Since n B 0 is favored by constraints from the gravitational wave background [44] and the effect of the PMF is not influenced by the time evolution of the cut off scale k C for this range of n B , we approximately set E [EM:S] ∝ a −4 in the following analysis.
B. Vector Mode
The evolution of the vector potential V (τ, k) under the influence of a stochastic PMF can be written [47, 48] aṡ
where the dot denotes a conformal time derivative, while p i and π i are the pressure and the anisotropic stress of the photons (i = γ) and neutrinos (i = ν). Here, we have omitted the vector anisotropic stress of the plasma which is negligible in general. In the absence of a magnetic source term, the homogeneous solution of Eq. (40) behaves like V ∝ 1/a 2 . We take a ∝ τ during the radiation-dominated epoch. The magnetic field, therefore, causes the vector perturbations to decay less rapidly (∝ 1/a instead of 1/a 2 ) with the universal expansion.
Since the vector perturbations cannot generate density perturbations, we have δ
are the perturbations of the photon and baryon energy densities, respectively. The magnetic field affects the photon-baryon fluid dynamics via a Lorentz force term in the baryon Euler equations. Following [47, 48] , the Euler equations for the neutrino, photon and baryon velocities, v
For the photons v
γ2 are quadrupole moments of the neutrino and photon angular distributions, respectively. These quantities are proportional to the anisotropic stress tensors. Equations (41)- (43) denote the vector equations of motion for the cosmic fluid, which arise from the conservation of energy-momentum.
C. Tensor mode
The Einstein equations tell us that the tensor mode H is governed by [47, 48, 49, 51] 
is the anisotropic stress for neutrinos.
D. Initial Conditions
We need to specify the initial perturbations for solving the evolution equations derived in the previous sections. We start solving the evolution equations at early times when a given k mode is still outside the horizon, i.e. the dimensionless parameter kτ ≪ 1. We consider only the radiation-dominated epoch since the numerical integration for all of the k modes of interest will start in this era. Baryons and photons are tightly coupled at this early time. The expansion rate is H = τ −1 . We then derive initial conditions for all of the modes utilizing the method of Refs. [11, 26, 47, 48, 49, 50, 51] .
scalar mode initial condition
We can assume that all density fields are zero since initially, since the PMF only affects the velocity field of ionized baryons, i.e. the Lorenz force, and the density fields are not directly affected by the PMF. In the radiation dominated era, photons and neutrinos are important in the RHS of Einstein equations. Equations for photons and neutrinos arė
Here we omitted higher multipole moments ℓ > 1 for photons and ℓ > 2 for neutrinos. At the lowest order in kτ , initial conditions of Eqs.(30-39)
vector mode initial condition
At early times we neglect the vector anisotropic stress of the plasma, which is in general small. Equation (40) giveṡ
which can be easily solved to obtain [12] 
From Eqs. (42) and (43), we obtain [11, 12] 
3. tensor mode initial condition From Ref. [11] , we obtain the initial condition of the tensor mode as follows
where τ ν is the time of neutrino decoupling, and τ PMF is the time of generating the PMF, R γ ≡ Ω γ /(Ω ν + Ω γ ), and
IV. CORRELATIONS IN THE POWER SPECTRA
Although possible origins of the PMF have been studied by many authors, there is no consensus as to how the PMF correlates with the primordial density fluctuations. Nonetheless, almost all previous works have assumed that there is no correlation between them [20] . In order to study the possible effects of a PMF in a more general manner, we here consider possible correlations between the PMF and the primordial density and tensor fluctuations. To do this we introduce a coefficient s (X) to parameterize the correlation between the PMF source and the primary power spectrum [22, 40] . The generalized multipole coefficients C (X) l (with X = S or T for scalar or tensor modes) then become,
where Θ is the photon moment as defined in Eq. 25. The last term is the correlation between the primary fluctuations and the power spectrum from the PMF. Among the many possible sets of two correlation coefficients that satisfy −1 ≤ s (X) ≤ 1, the two cases of s (S) = s (T) = ±1 are expected to show the maximum absolute effects from the PMF. These limits represent the effective range of the resultant CMB anisotropies when a PMF is present.
V. RESULTS AND DISCUSSION
We have explored effects of a PMF on the CMB for the allowed PMF parameters which were deduced in our previous work [17] (i.e. B λ < 10 nG and n B < −2.4) . The upper panel of Figure 2 illustrates the CMB temperature and polarization anisotropies from the PMF for scalar, vector and tensor modes for the case when B λ = 4.0 nG and n B = −2.9 or −2.5 as labeled. The scalar mode dominates for lower ℓ of the TT and TE modes as shown by Giovannini [40] . In particular, it is comparable in power to the primary TT mode for (B λ , n B ) = (4.0 nG, −2.9). We note that the curves with (B λ , n B , s (S) , s (T) ) = (4.0 nG, −2.5, 1, 1) give the best fits to the observed power spectra in both the regions of high and low ℓ. This result is complementary to and consistent with the nucleosynthesis constraints derived in [44] as shown in [45] .
For illustration, let us assume the same scale-invariant power spectrum for both the PMF and the primordial curvature perturbations. In this case, the ratio of the density and velocity perturbations induced by the primordial curvature perturbation to those by the PMF is proportional to k 2 . Therefore, the temperature anisotropies from the PMF are larger for lower ℓ compared with those from primordial curvature perturbations. Furthermore, the power of the CMB temperature anisotropies from the PMF for lower ℓ depends not only on B λ but also strongly on n B [Panel (1a) of Fig.2] . Note, that the magnetic field which is continually sourcing fluctuations does not spoil the phase coherence (cf. cosmic defects). The basic behavior of acoustic oscillations is affected by the pressure of the fluid kc s δ (S) b and the potential kφ. Since the pressure of the PMF is sufficiently less than the thermal fluid pressure, the PMF dose not affect the phase coherence significantly.
The PMF also affects the CMB power spectrum on small angular scales for two reasons. First, the PMF energy density fluctuations depend only on the scale factor a and can survive below Silk damping scale. Therefore, the PMF continues to source the fluctuations through the Lorentz force even below the Silk damping scale. Second, the vector mode from the PMF can be larger than the scalar modes both from the PMF and primordial perturbations at small scales. This is because, after horizon crossing, the latter cannot grow due to the photon pressure leading to acoustic oscillations, while the former can keep growing inside the cosmic horizon. This means that, for higher ℓ, the vector mode dominates the temperature anisotropies of the CMB over the scalar and tensor modes from the PMF and the contribution from primary anisotropies. The integrated amplitude of the gravitational waves from the PMF can be negligible after horizon crossing. This is because the homogeneous solution begins to oscillate inside the horizon and decay rapidly [53, 54, 55, 56] . Consequently, gravity waves only affect the anisotropy spectrum on scales larger than the horizon at recombination. The tensor mode from the PMF therefore decreases at higher ℓ. Thus, the vector mode of the CMB polarization from the PMF dominates for higher ℓ [Panel (1d) of Fig. 2 ] [11, 38] [62] In the primary spectrum for higher ℓ the absolute value of the EE mode from the PMF is relatively-small [Panel (1c) of Fig. 2 ] compared to the TT mode [Panel (1a) of Fig. 2] . Hence, even though the EE mode of the primary spectrum damps less than the TT mode, the EE mode remains much smaller than the TT mode at higher ℓ in the final power spectrum. For the TE mode [Panel (1b) of Fig. 2] , the contribution from the PMF vector and scalar modes can be comparable to that from the primordial curvature perturbations for higher ℓ. Except for a small dip region near ℓ = 40, the scalar mode is always small compared to the primary spectrum.
Regarding the BB mode, we note that the BB mode signal described in this paper is due to magnetic-field-induced CMB fluctuations (with the peak around ℓ ∼ 2000 as in [11, 38] ). We do not include magnetic-field related BB polarization coming from the Faraday rotation effect (with the peak around ℓ > 15000) discussed in [10, 39] . In our model, the BB mode from the PMF can dominate for ℓ 200 if B λ 2.0 nG. A potential problem in attempting to detect this signal on such angular scales, therefore, is the contamination from gravitational lensing which converts the dominant EE power into the BB mode [56] . However, since we already know quite accurately what the spectrum of the lensing signal must be, we can subtract its power directly. After removing the foreground effect, the BB mode from the PMF effect dominates for higher ℓ even for PMF parameters allowed by the CMB temperature constraint [16, 17, 44] . Note, that the there is a change of scale between panels 1c and 1b. The BB mode and EE modes are of comparable magnitude.
In Panel 2 of Fig. 2 we depict the CMB temperature and polarization anisotropies in the presence of a PMF taking into account the correlations. Since we obtain the temperature and polarization anisotropies of the CMB with the PMF from isocurvature initial conditions, the phase of the CMB perturbation with the PMF is different by π/2 from those without the PMF (on the adiabatic initial condition). The first, third, and odd numbered peaks of the scalar mode of the CMB perturbations rise for a positive correlation between the PMF and the energy density perturbations, while they are suppressed for a negative correlation. These are compared in Panel 2 of Figure 2 with the observed power spectra (WMAP [24, 25] , ACBAR [27] , CBI [28, 29] , DASI [30] , BOOMERANG [31] , and VSA [32] ). Panels (2a) and (2b) of Fig. 2 show clearly that the power spectral index of the PMF, n B , is more effectively constrained from CMB observations for lower ℓ than those for higher ℓ. The models with higher n B give better fits to the observations than those with lower n B for the lower ℓ regions of the TT and TE modes. Furthermore, there is no discrepancy at higher ℓ between observations and theories of the CMB polarization for models with a PMF [Panels (2c) and (2d) of Fig.2 ]. In our previous work [16, 17] there was a problem from the strong degeneracy between n B and B λ . This degeneracy, however, is broken by the different effects of the PMF on the CMB power spectrum for lower and higher ℓ.
The scalar-mode CMB temperature-anisotropy power-spectrum shape (ℓ-scaling for different n B at large scaleslow ℓ) agrees with the results of [26] , while the E-polarization power spectrum shape does not follow semi-analytical estimate in that paper. This difference is caused by the fact that we have included the effects of reionization [51, 57] which were neglected in [26] . If the universe is re-ionized at z re , CMB photons are scattered by electrons and the polarization is generated again. Since re-ionization results in a new scattering surface at relatively short distances from us at (and a relatively recent era), the viewing angle of the polarization from re-ionization becomes large. Thus, reionization causes some power to shift to lower multipoles [58, 59] .
We also point out that the observed power spectrum of temperature fluctuations in the CMB is likely to depend on frequency [27] . Such dependence is theoretically expected to originate from foreground effects such as the SunyaevZel'dovich effect at higher multipoles. In contrast, the effects of a PMF are frequency-independent because the PMF affects the primary CMB as a background. Therefore, the correlation between the PMF and other foreground effects should be weak. Because of this, one should be able to eventually distinguish the PMF from foreground effects by using more than two observational data sets at different frequencies.
In summary, we have found that we can constrain more precisely the power law index n B and amplitude B λ of the PMF from all modes of CMB temperature and polarization anisotropies. The strong degeneracy of these parameters [16, 17] is broken by the different effects of the PMF on the CMB power spectrum for lower and higher ℓ. The scalar mode from the PMF can be a main source for lower ℓ, while the vector mode can dominate for higher ℓ in the CMB temperature anisotropies. Furthermore, these calculations suggest that it is possible to place a limit on the correlation parameters s (X) for large negative values of the spectral index. For example , s (T) , s (S) < 0 for n B = −2.9 is ruled out from the effects of the TT mode on both the lowest and highest multipoles as shown in panels 2a and 2b of Figure 2 . Such results may constrain models for the origin of the PMF, along with other PMF parameters.
